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ABSTRACT 

The molecule is a spatial arrangement of atoms that make it up. This arrangement defines its 

geometric structure. Knowing the geometry and ways to describe to great advantage in studying the 

electronic structure of molecules as between geometric and electronic structure there is a close 

connection. 
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INTRODUCTION 

The geometric structure of a molecule is 

described by the theory of point group 

symmetry. A fundamental concept in the 

theory of point groups is of geometric 

configuration. 
 

Under operation of symmetry along action, 

which transforms a geometric configuration of 

a given molecule in another configuration, 

which is identical or equivalent to the original. 

From this definition, it follows that in carrying 

out operation of symmetry equivalent atoms 

can be swapped or at best remain in place (1-

5). 
 

The operations of the symmetry are carried out 

with respect to the elements of symmetry. The 

elements of symmetry are geometric concepts - 

axes, planes, points or combinations thereof. 

Obviously, not every point, axis and plane that 

we can spend in space it occupies a molecule is 

an element of symmetry (3-7). 
 

In Table 1 are presented the elements, 

operations of symmetry and symbols which are 

used for their determination. 

 
Table 1. Elements and operations of symmetry 

Element Symbol Operations Symbol 

Axis C   Rotation Ĉ  

Plane    Reflection ̂   

 
From the geometry it is known that each point 

in 3-dimensional space is represented by three 

coordinates using the orthogonal coordinate 

system are ( , , )x y z , in the polar coordinate 

system are ( , , )r    etc. For a description in 

the space of one molecule of N  atom needed 

3N  coordinates  

1 1 1 2 2 2( , , ; , , ; ; , , )N N Nx y z x y z x y z . 

Let us examine what happens to the 

____________________________ 
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coordinates of the atoms in the molecule in 

carrying out any operation of symmetry of the 

molecule as a whole, through the following 

two examples. 
 

 The water molecule 
 

Let us consider the molecule of water as the 

local coordinates of the atoms in the molecule 

and the global coordinates of the entire 

molecule coincide with those in the oxygen 

atom, as represented in Figure 1. 
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                                Figure 1. Local coordinates of atoms in a molecule of water and the global coordinates of   

                                the entire molecule (coincide with those on the oxygen atom). 

 

2C  axis is chosen to coincide with the axis of 

2z  atoms of oxygen, i.e. 

1 1 1 1 2 2 2 3 3 3 3H : ( , , ); O : ( , , ); H : ( , , )x y z x y z x y z .  (1) 

In operation 2Ĉ  atoms 1H  and 2H  swapped 

places. Then the new coordinates of the atoms 

resulting from 2Ĉ  are: 

1 3 2 2 3 1

1 3 2 2 3 1

1 3 2 2 3 1

' ' '
1. , 1. , 1. ,

' ' '
1. , 1. , 1. ,

' ' '
1. , 1. , 1. .

x x x x x x

y y y y y y

z z z z z z

     

     

     

   (2) 

This is a little unusual and extravagant way of 

recording, since we put the +1 and -1 instead 

of just characters in respective equations. 

Obviously equations (2) would look differently 

if we were oriented axes at the respective 

atoms (local coordinate systems) pointing in 

different directions. Then the x coordinate of 

an atom after surgery symmetry would become 

a mixture of , ,x y z  in the most general case. 

The choice of local coordinate systems was 

designed so as to obtain the simplest possible 

draws. The orientation of the coordinate axes 

in space is irrelevant and therefore it is best to 

choose the most convenient. 
 

Equations (2) can be written in the following 

matrix form: 

1

1
1

1

1
1

2 2

22

2
2

3

3

3

'

0 0 0 0 0 0 1 0 0'

0 0 0 0 0 0 0 1 0
'

0 0 0 0 0 0 0 0 1

'
0 0 0 1 0 0 0 0 0

' 0 0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 0'

1 0 0 0 0 0 0 0 0
'

0 1 0 0 0 0 0 0 0
'

0 0 1 0 0 0 0 0 0

'

x

x
y

y
z

z

x x

yy

z
z

x
x

y

z

 
 

  
  
  
  
  
  
   
  

   
  
  
  
  
  
  
  
  

 
 

3

3

3

y

z

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

   (3) 

 

In (3) the old and new coordinates of the atoms 

are represented as a matrix column (this is the 

matrix representation of a vector) right and left 

of the equality, respectively. A square matrix 

of numbers -1, 0 and 1 shows how the 

coordinates are converted into new ones. 

Therefore, it is called the transformation 

matrix, in this case - transformation matrix of 

the coordinates of the atoms of water 

molecules under the influence of the operation 

of symmetry 2Ĉ . From (3) to get as coordinate 

1

'
x  appropriate corresponding row of square 

matrix can be multiplied by the column of the 

coordinates, i.e. 

1 1 1 1 2 2 2 3 3 3 3

'
0. 0. 0. 0. 0. 0. 1. 0. 0.x x y z x y z x y z x           
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The equations (2) and (3) are the same, which 

could easily be convinced if you do the 

multiplication of the transformation matrix and 

matrix column in the old coordinates. 

Conversely, the transformation matrix in (3) 

was written using the equations (2); we put a 

+1 or -1 only where need to be replicated 

equations (2). 
 

The square matrix of type (9 × 9) in (3) is 

written so that it is clear which group of matrix 

elements which refers atom. Let us remark that 

this matrix contains zero elements in that 

block, which corresponds to an atom, which 

becomes atom displacements. For example 1H  

(the first atom) under the effect of 
2Ĉ  becomes 

3H  and the third block of the transformation 

matrix are non-zero elements. Atom 2 remains 

in place and in the second block on the second 

row are obtained non-zero matrix elements. In 

other words, the diagonal of the matrix are 

obtained non-zero elements only to those 

atoms which during operation of symmetry 

remain in place. 
 

For each of the operations of the symmetry of 

the molecule of water (group 2vC , operations

2 1 2
ˆˆ ˆ ˆ, , ,E C   ) we can write transformation 

matrix similar to that of 2Ĉ  in (3). A total of 

four operations molecule of water will get four 

transformation matrices of type (9 9) . Even 

for such a small molecule such as that of water 

four matrices are large. For each molecule of 

N  atoms transformation matrices have 

dimensions (3 3 )N N . 
 

Let us now from the water molecule to 

consider only the three axes (coordinate 

functions) , ,x y z  of the atom of oxygen, 

which is the fixed point in all operations of 

symmetry for the molecule consideration. Then 

(3) passes in 

2
2

2 2

2
2

'
1 0 0

'
0 1 0 ,

' 0 0 1

x x

y y

zz



 

 
   
   
      

    
 

 

which we can write as 

2 2
2

2 2 2 2

2
2 2

' '
1 0 0

' 'ˆ 0 1 0 ,

' ' 0 0 1

x x x

y C y y

zz z



  

   
     
     
        

      
   

 

which expresses the fact that the new functions 

are obtained by the action of 2Ĉ  on old 

functions like the action is represented by the 

matrix 

2

1 0 0

ˆ 0 1 0

0 0 1

C



 

 
 
  
 

                         (4) 

 

We obtained the transformation matrix of the 

three coordinates of the atom of oxygen under 

the action of the operation 2Ĉ . Similarly for the 

other three operations of symmetry, we get 

1 2

1 0 0 1 0 0 1 0 0

ˆ ˆ ˆ0 1 0 , 0 1 0 , 0 1 0 .

0 0 1 0 0 1 0 0 1

E  



   

     
     
          
     

  (5) 

Since oxygen atom stays in place and the four 

operations of its symmetry axes remain the 

same as or maintaining orientation (come 

matrix element 1 ) or routed (matrix element 

1 ), but not translated into coordinates other 

atoms. 
 

The advantages offered by the recording of the 

operations of symmetry by means of 

transformation matrices are large. Rather than 

track what happens to individual atoms when 

performing an operation of symmetry we can 

do the same with matrices of these operations. 

For example, the product 1 2
ˆ ˆ    we could 

find by multiplying matrices 1̂  and 2̂ , 

namely: 

1 2
2

1 0 0 1 0 0 1 0 0

0 1 0 0 1 0 0 1 0 .

0 0 1 0 0 1 0 0 1

ˆ ˆ Ĉ 

 

   

     
     
          
     

 

The result is a transformation matrix of 

operation 2Ĉ . 

 

Table 2 shows the result of multiplication 

operations of symmetry of a molecule of water. 

 

Table 2. Table of multiplication operations of 

symmetry in the molecule of the water 

2vC  Ê  2Ĉ  1̂  2̂  

Ê  Ê  2Ĉ  1̂  2̂  

2Ĉ  
2Ĉ  Ê  2̂  1̂  

1̂  1̂  2̂  Ê  2Ĉ  

2̂  2̂  1̂  
2Ĉ  Ê  
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In general, if the molecule rotates about an axis 

of symmetry of the angle , then the 

transformation matrix of the three axes of an 

atom which lies on the axis and which z  axis 

coincides with the axis of symmetry, is: 

' cos sin 0

ˆ' ( ) sin cos 0 .

' 0 0 1

x x x

y C y y

z z z

 

  



 

      
      
            
      

 

This matrix shows that the values of  , which 

is sin  different from zero, the new 'x  and 

'y  represent a mixture of old x  and ,y  

namely: 

' cos . sin . 0.

' sin . cos . 0.

x x y z

y x y z

 

 

  

  
 

When 
2

3


    (rotation around 3C ), we get  

1 3
'

2 2

3 1
' .

2 2

x x y

y x y

  

  

 
 
 

 
 
 

 

Analogously to the example of the water we 

can be presented, and an example of an 

ammonia molecule (NH3), whose molecule is 

made up of four atoms. 
 

 The ammonia molecule 
 

The ammonia molecule belongs, in its ground-

state equilibrium geometry, to the 3vC  point 

group. Its symmetry operations consist of two 

3C  rotations, 
3Ĉ , 

2

3Ĉ  (rotations by 
2

3


 and 

4

3


, respectively about an axis passing 

through the nitrogen atom and lying 

perpendicular to the plane formed by the three 

hydrogen atoms), three vertical reflections, v̂

, v

'
̂ , 

' '

v̂ , and the identity operation Ê . 

Corresponding to these six operations are 

symmetry elements: the three-fold rotation 

axis, 3C  and the three symmetry planes v , 

'

v  and 
' '

v  that contain the three NH bonds 

and the z-axis (Figure 2). 

 

Figure 2. The 3vC  symmetry group of ammonia 

 

Table 3 shows the result of multiplication 

operations of the symmetry of the ammonia 

molecule. 
 

Table 3. Table multiplication operations of symmetry in the ammonia molecule 

3vC  Ê  3Ĉ  
2

3Ĉ  v̂  
v

'
̂  

' '

v̂  

Ê  Ê  3Ĉ  
2

3Ĉ  v̂  
v

'
̂  

' '

v̂  

3Ĉ  3Ĉ  
2

3Ĉ  Ê  v

'
̂  

' '

v̂  v̂  

2

3Ĉ  
2

3Ĉ  Ê  3Ĉ  
' '

v̂  v̂  
v

'
̂  

v̂  v̂  ' '

v̂  
v

'
̂  Ê  

2

3Ĉ  3Ĉ  

v

'
̂  v

'
̂  v̂  ' '

v̂  3Ĉ  Ê  
2

3Ĉ  

''

v̂
 

' '

v̂  
v

'
̂  v̂  2

3Ĉ  3Ĉ  Ê  
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Note the reflection plane labels do not move. 

That is, although we start with 1H   in the v  

plane, 2H  in v

'
̂ , and 3H   in

' '

v , if 1H  moves 

due to the first symmetry operation, v  

remains fixed and a different H atom lies in the 

v  plane. 

Take ( , , )x y z  as the basic, the matrix of all the 

operations in 3vC  group 

 2 ' ''

3 3 v v v
ˆ ˆˆ ˆ ˆ ˆ, , , , ,E C C     are shown in Table 4.  

 

Table 4. Reducible representations of 3vC  

Operations Ê  3
Ĉ  

2

3
Ĉ  v

̂  
v


'ˆ  

v


''ˆ  

Reducible 

Representati

ons 

 

1 0 0

0 1 0

0 0 1

 
 
 
 

 

1 3
0

2 2

3 1
0

2 2

0 0 1

 



 
 
 
 
 
 
 
 

 

1 3
0

2 2

3 1
0

2 2

0 0 1



 

 
 
 
 
 
 
 
 

 

1 3
0

2 2

3 1
0

2 2

0 0 1



 
 
 
 
 
 
 
 

 

1 3
0

2 2

3 1
0

2 2

0 0 1



 

 
 
 
 
 
 
 
 

 

1 0 0

0 1 0

0 0 1

 
 
 
 

 

 
CONCLUSION 

A matrix representation of the operations of 

symmetry helps us understand molecular 

structure, some chemical properties, and 

characteristics of physical properties 

(spectroscopy) – used with group theory to 

predict vibrational spectra for the identification 

of molecular shape, and as a tool for 

understanding electronic structure and 

bonding. 
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